When the bulk spacetime has a foliation structure, the collective dynamics of the hypersurfaces should reveal certain aspects of the bulk physics. The procedure of reducing the bulk to a hypersurface, called ADM reduction, was implemented in [3] where the 4D Einstein-Hilbert action was reduced along the radial reduction. In this work, reduction along the angular directions is considered with a main goal to firmly establish the method of dimensional reduction to a hypersurface of foliation. We obtain a theory on a 2D plane (the (t, r)-plane) and observe that novel and elaborate boundary effects are crucial for the consistency of the reduction. The reduction leads to a 2D interacting quantum field theory. We comment on its application to black hole information physics.
Introduction
When the spacetime has a foliation structure and a high degree of symmetry, certain aspects of the bulk physics may admit a holographic "dual" description. The holographic description should be realized through the dynamics of the hypersurfaces: the leaves of the foliation. For this realization, a technique -which we called ADM reduction -for reducing the bulk to a selected hypersurface is needed. Using the ingredients in [1] , the reduction was proposed in [2] and further developed in [3] where the 4D Einstein-Hilbert action was reduced along the radial direction. (A subsequent development can be found, e.g., in [4] .) Building on these previous works and paying a careful attention to the boundary terms, we carry out angular ADM reduction of Schwarzschild black hole spacetime here with a main goal of establishing the method of dimensional reduction to a hypersurface of foliation.
This work was motivated by an explicit realization of the "holographic duality" and its application to black hole physics. Our prime goal of relatively long-term is to develop a framework optimal for analyzing scattering around a black hole as well as related issues.
Below, we reduce the 4D Einstein-Hilbert action to a 2D action in the (t, r)-plane by carrying out the ADM reduction along the angular directions of the Schwarzschild black hole. There are several reasons for reducing the action to 2D through the ADM procedure. (The first two reasons are good for for standard reduction as well.) The first reason is obviously quantizationrelated: it is not known how to second-quantize the 4D or 3D gravity but the second quantization is essential for the multi-particle scattering. One can bypass the 3D or 4D quantization issue by reducing the theory to 2D where the metric becomes topological and non-fluctuating. As we will see below, the 4D Einstein-Hilbert action reduces to an interacting theory of scalars in which the 2D metric serves as a background.
The second reason for 2D being preferred is a matter of simplicity. Even if the 4D Einstein-Hilbert action were quantizable, it would still be advantageous to reduce it to 2D since that would allow a simpler, although narrower and more limited, description of the dynamics. Using a reduced theory means that only a particular sector of the moduli space of the original 4D theory is described, and one should be cautious in projecting the results to the higher dimensions.
1 This is a relatively small price compared with what one gains: a tool optimized in many ways for analyzing black hole information at the quantum field theory level. Thirdly, following the ADM reduction procedure has one great advantage over the conventional dimensional reduction when it comes to describing the physics of a hypersurface in the curved background such as the Schwarzschild background. The ADM procedure offers a very clear physical interpretation as shown in Fig.1 . The figure (a) shows reduction to the space of the fixed value of ϕ, one of the angular coordinates, (t, r, θ, ϕ). The reduced theory should describe the dynamics of the (t, r, θ)-plane. With the θ-direction subsequently reduced, one gets a 2D theory in the (t, r)-plane as shown in Fig.1  (b) .
At the technical level, only the reduction where the shift vector is set to zero will be considered. The ADM reduction has another distinguishing feature in addition to offering a clear physical interpretation. It turns out that the selected hypersurface acts like a virtual boundary of the bulk. When there is no boundary, total derivative terms do not matter. However, they do matter in general in a case in which the bulk is reduced to a hypersurface. This surface effectively becomes a boundary of the bulk. Because of this, one should be cautious when dealing with the surface terms in the action, problem, it must manifest in a reduced theory as well; it simply cannot be true that the information problem present in 4D suddenly disappears in a reduced theory. Figure 2 : virtual boundary and we show that there are elaborate boundary terms that lead to consistent reduction: the role of the virtual boundary terms is crucial for consistent reduction when one tries to reduce along a non-isometry direction.
The remainder is organized as follows. In the next section we start with the 4D Einstein-Hilbert action, and reduce one of the angular coordinates, ϕ. It is the reduction that is depicted in Fig.1 (a) . Because we narrow down to the sector where the shift vector is absent and ϕ is an isometry direction, the procedure is essentially that of the stand S 1 reduction. 2 The subsequent reduction of θ direction has several subtleties, among which is the novel emergence of the virtual boundary. Once the boundary is present, one must choose the boundary terms appropriately. 3 With the boundary effects properly taken into account, we show in section 3 that the resulting theory is a two-dimensional interacting theory of two scalars. One novelty is that the 2D action has coordinate dependent coefficients. Some of them arise from the virtual boundary terms; the others come from the fact that the action is reduced in the Schwarzschild background as opposed to, say, a flat background. 4 A related novelty is the appearance of a "cosmological function" term. The scalars are intrinsic degrees of freedom of the original 4D Einstein-Hilbert action. We conclude with future directions; in particular we comment on applications to the black hole physics.
3D Field equations with boundary terms
Reduction of ϕ direction is straightforward for several reasons: the ϕ is an isometry direction and we consider only the case in which the shift vector is absent. (As a matter of fact, it can be viewed as a gauge-fixing.) As we will see, a coupled system of the metric and a scalar field will arise after the reduction. Further reduction to 2D is more involved but can be achieved by carefully handling the boundary contributions. The resulting 2D theory is an interacting system of two scalars in a fixed metric background -"the reduced 2D Schwarzschild".
We start with 4D Einstein-Hilbert action,
The 4D coordinate x µ consists of the azimuthal angle ϕ and the 3D coordinate x µ :
Reduction to 3D without the shift vector is straightforward; let us take the ansatz ds
The reduction can be carried out by closely following the technique of the standard dimensional reduction on a circle. Nevertheless, the reduction should be viewed as ADM reduction instead, and this is the only nontrivial aspect of the reduction. For ϕ reduction, this viewpoint is a matter of convenience to a large extent. However, as for the subsequent reduction along θ, which is not an isometry direction, the ADM viewpoint is dictated by the consistency of reduction: if one starts with the 3D action in the context of the standard S 1 reduction, the reduction along θ would lead to inconsistency. The inconsistency originates precisely from the boundary effects, and there is no room for the boundary effects in the standard S 1 reduction. Once the effects of the virtual boundary are taken into account, the same ansatz becomes consistent in the ADM context as we will show. In other words, reduction along a non-isometry direction comes to have a meaning in the ADM reduction setup where the hypersurface acts as a virtual boundary in the manner unraveled below.
By taking the following ansatz
and reducing along ϕ, the reduced 3D action takes
The second and third terms combined are a total derivative, and the action can be rewritten as
Let us gauge fix the metric according to
Further reduction to 2D will be carried out below by taking the ansatze
As emphasized, the total derivative term in (6) will play an important role in the reduction to 2D. The background ρ 0 (θ) deserves remarks. The fields in the reduced 2D action will only depend on (t, r). However, the action will have θ-dependent coefficients, a trace of the 4D Schwarzschild background.
A total derivative term can be omitted in the absence of a boundary. In the presence of a boundary, a total derivative yields surface contributions. Things become subtle if one sets out to find equations of motions of the reduced theory. The surface terms can now be important because they are likely to change the field equations of the reduced theory. Therefore, in the presence of a genuine boundary, the importance of the surface terms is evident. The question is whether a hypersurface in ADM reduction acts like a genuine boundary. Our analysis indicates that the answer is affirmative: the hypersurface acts virtually as a boundary and should be treated as such.
Let us focus on the total derivative term 5 ,
with the bulk space taken as the region I in Fig.2 . θ 0 = π corresponds to the original entire bulk spacetime. As we will see now, the form (10) will give a hint for the precise forms of the boundary terms that are determined in (16) below. The relevance of splitting the space into regions I,II is not obvious a priori; it just seems to be the peculiar way in which ADM reduction generates a virtual boundary. Applying Gauss theorem, one gets (see, e.g., [9] )
where | θ 0 indicates that the entire integrand has been evaluated at the fixed angle θ. The 2 by 2 matrix h (2) ij is
Although the integrand on the right-hand side of (11) is not a total ∂ θ -derivative (since h θθ , h (2) depend on θ as well before reduction), it can be rewritten as a bulk term. However, there are some subtleties: the bulk 5 The naive action that results from (6) by dropping the total derivative term∇ 2 eρ,
leads to a problem as we will point out below.
expression is not unique. It turns out that the bulk expressions that leads to consistent reduction is the following 6 :
where the right arrow indicates the fact that the expression on the left-hand side can be replaced by the one on the right-hand side without affecting the final result, say, of the 2D action in the next section. Eq. (15) gives only a partial guide to the precise forms of the boundary terms. It is eventually the consistency of the reduction that determines the precise forms of the boundary terms. It turns out that the action that leads to consistent reduction is give by
where ξ 0 andρ 0 (≡ ρ 0 ) are fixed functions defined in (28) below. "Surface terms" include a Gibbons-Hawking type [10] term, and will be explicitly addressed below. Note that the 3D covariance is broken by the boundary effect (and it will be broken further by the Schwarzschild background below). The presence of the third term in (16) is more curious; it is the consistency of the reduction that dictates its presence as we will see shortly. The origin 6 The bulk expression is not unique because eq.(11) can be expressed another way. Treating all the factors in the integrand democratically, it can be written, e.g., as
instead of the left-hand side of (15) . (In other words, h θθ is not evaluated at θ = θ 0 either.) Or a more precise expression is
Here (· · ·) represents two kinds of the terms. (Such terms are also present in (15), of course.) There are terms that vanish once the action is reduced to 2D. Some terms will be of the Gibbons-Hawking type. The other kind is the term that comes from evaluating the integrand at θ = 0; it does not contribute to the 3D field equations. The presence of the types of terms in (· · ·) will be illustrated in the appendix and they will be omitted in the remaining discussion of the main body.
of the precise forms of the boundary terms in (16) is not entirely clear other than that it should be due to the boundary effects. In spite of the fact that obtaining (16) involves subtle and elaborate boundary effects, the Lagrangian (16) will enjoy the hallmark property of Kaluza-Klein reduction: a solution of (16) can be embedded as the corresponding solution of the original action, and the same is true for the 2D action obtained below. Let us turn to the field equations. The h ij -variation leads to
19) where h θθ has been replaced by e 2ξ in anticipation of the reduction in the next section. As for the (θθ)-component, one gets
Next let us consider theρ field equation. Theρ-variation of the boundary term in (15) , once reduced to 2D, can be removed by the corresponding (Gibbons-Hawking type) boundary terms in (16). To see this note that thê ρ-variation of the second term in (16) yields
This terms do not contribute to the 2D equations of motion and therefore will not be considered further; more details of the analysis can be found in 7 The naive action (9) leads, instead, to
which, in turn, is reduced to
instead of (24) below. The difference between the two Einstein equations lies only in the last terms. As far as we can see, it is impossible to construct a consistently reduced action with the last term as given in (18). The boundary terms in (16) were obtained through an elaborate analysis in order to put the last term in (18) into the form given in (24) and to keep the "reduced Schwarzschild configuration", (27) and (28), as a solution at the same time.
the appendix. With this, one gets, for theρ field equation,
3 Reduction of 3D field eqs to 2D
Above we have obtained the field equations for the metric andρ; they are (19), (20) and (22). 8 The goal of this section is first to reduce those 3D field equations to the (t, r)-plane, and then to obtain the 2D Lagrangian that produces the reduced field equations. We take the following ansatz
The (ij)-component of the 3D Einstein equation (19) becomes
where ρ 0 , ξ 0 are fixed functions: e ξ 0 ≡ r, e ρ 0 ≡ r sin θ. The h θθ field equation (20) reduces to
Theρ field equation (22) reduces to
The field equations (24), (25) and (26) are expected to admit (and indeed they do admit) the following "reduced Schwarzschild solution",
This is by design because the original system has been reduced to the degrees of freedom that fluctuate around the configuration (27) and (28). It is relatively straightforward to construct an action:
where again ρ 0 , ξ 0 are defined as in (28). The second term is of boundary origin, and it is a "cosmological function" term. (It may potentially have some interesting implications.) Let us check the field equations that follow from (29). The 2D metric equation is
This can be simplified to yield:
This is identical to (24) upon settingρ =ρ. Note that the second term in (29) which is of boundary origin has contributed. Once it is present, it with the third term contributes to the ξ field equation. The ξ field equation is
The ρ field equation is
Therefore the action (29) reproduces all the three field equations, (24), (25) and (26).
Since the 2D metric is non-dynamical, it can be set to the reduced Schwarzschild solution. The Lagrangian will have coordinate-dependent coefficients and a systematic analysis would be required to determine issues such as renormalizability. (The issue of renormalizability will be pursued elsewhere.) The action should then be supplemented with the metric field equation, which serves as a constraint. 
Conclusion
In this work, we have carried out ADM reduction of 4D Einstein-Hilbert action along the two angular directions of the Schwarzschild solution, and constructed the 2D action (29) that admits the reduced Schwarzschild solution (27) and (28). The boundary effects were crucial for the consistency of the reduction. A "cosmological function" term appeared in the 2D action; whether it has a deeper meaning remains to be seen. We believe that this framework of the ADM reduction should have a potential for providing a large class of "dual" pairs of gravity/non-gravity theories. A similar method applied to IIB supergravity led to gravity/gauge pairs [1] [2] . A mechanism for obtaining a non-abelian SYM was sketched in [2] .
As stated in the introduction, our primary motivation for this work was to develop a quantum field theory framework to tackle the black hole information in the context of the 4D Einstein-Hilbert action. It has been noted in [11] that the potential presence of a mechanism for information bleaching may provide a solution to the information problem. (Also, the potential presence of "blackening" process should be important as pointed out in the same reference. See [12] for a related discussion.) Consider a particle incoming towards a black hole. The particle will generate jets, if it has a QFT interaction, as it approaches the black hole. (The jet production will be analogous to the Bremsstrahlung process [13] [14] or jet quenching. ) By measuring the jets, it should be possible to recover much of the information about the incoming particle. One of the key questions is whether the jet production process can be related to an information-bleaching mechanism of a certain kind. If so, it implies that some of the information does not enter the event horizon when the particles enter.
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One of the future directions is to analyze scattering around the Schwarzschild black hole by using the 2D setup obtained in the main body (see Fig. 3 ). (See [15] for a recent quantitative discussion.) We will report on this elsewhere.
A Some details on the boundary terms
Here we present a more detailed analysis of the boundary terms by taking the example of (21) The first term is a Gibbons-Hawking boundary term: the term with ∂ θ δρ vanishes after the reduction since δρ = δρ(t, r) and the term with δρ enforces the Dirichlet boundary condition onρ. The second term contributes to the 3D field equations. It, however, vanishes upon the reduction 2D since
as dictated by the θ independence of h (2) and ξ of the reduction ansatz.
